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Caccetta and HHggkvist conjectured that the minimum order of a directed graph 
with girth g and outdegree not less than r is r(g - 1) + 1. They proved this conjec- 
ture for r=2. We prove it for r= 3. 0 1987 Academic Press, Inc. 
1. INTRODUCTION 
We use the notation of [3]. The girth of a directed graph G having at 
least one circuit is the minimal length of a circuit of G. We denote it by 
g(G). 
Behzad et al. [ 1 ] conjectured that the minimum order of a regular direc- 
ted graph of outdegree r and girth g is also r(g - 1) + 1. This conjecture has 
been proved by Behzad [2] for r= 2 and by Bermond [4] for r = 3. In 
[6], we proved this conjecture for r = 4. 
Caccetta and Haggkvist [S] conjectured that the minimum order of a 
directed graph of girth g and minimum outdegree at least r is r(g - 1) + 1, 
and they proved this conjecture for r = 2. 
Here, we prove the conjecture for r = 3. Our method can also be used for 
the case r = 2. 
The above conjectures are true for directed graphs with a transitive 
group of automorphisms [7]. As an application [7], we proved that given 
a finite group G of order n and subset S of G with cardinality s, we can 
express the unity of G as a product of at most [n/s1 elements of S. 
We use in our proof the following result. 
THEOREM 1.1 (Bermond [4]). Let G = ( V, E) be a directed graph with 
girth g such that d+(x) 2 3 and dp (x) 3 3. Then / VI > 3g - 2. 
A short proof of this result can be found in [6]. 
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2. DIRECTED GRAPHS WITH MINIMUM OUTDECREE 3 
The above second conjecture is equivalent to the following. 
Conjecture (Caccetta and Haggkvist [S]). Let G = (V, E) be a directed 
graph of order n and girth g such that d+(x) = r for every vertex x. Then 
n>r(g- l)+ 1. 
Suppose this conjecture true and let G be a directed graph such that 
d+(x) > r, for every vertex x. Let G’ be a subgraph of G such that d;,(x) = r 
for every vertex. We have /GI >lG’l >r(g(G’)-l)+l>r(g(G)-I)+ 1. 
This conjecture is true for g = 3. G contains a vertex y with d&(y) > r. 
g = 3, we have N+ ( y ) n N- ( y) = Qr. Therefore 
n 2 IN’(y)1 + IN-(y)1 + 1 2 2r + 1. 
Let G = (V, E) be a strongly connected directed graph such that 
d$ (x) = 3 for every vertex X. Suppose G has girth at least 4 and contains a 
vertex of indegree less than 3. (Note that if d&(x) 2 3 for all x then 
Theorem 1.1 applies.) We shall construct a directed graph G* such that 
IG*l = IGI - 3, g(G*) 3g(G) - 1 and d&(x) = 3 for every vertex x of G*. 
This construction will be applied to a counterexample of minimum order 
to Caccetta and Haggkvist conjecture. This directed graph must have a 
girth at least 4, by the above remark. This counterexample contains a 
vertex of indegree less than 3, by Theorem 1.1. Observe that a strongly 
connected component of a counterexample which is a sink is also a 
counterexample. Therefore a minimum counterexample is strongly 
connected. 
We now choose a directed path (a, b, c) of G as follows. If G has no 
triangle (3-cycle), choose (a, b, c) such that d&(c) 5 2. If G has a triangle, 
choose (a, b, c) such that (a, c) is an edge of G. We want to construct a 
directed graph G* = (V- T, E*) such that d&(u) = 3 for every vertex u of 
V- T and g(G*) > g(G) - 1. E* consists of the arcs of G,- T and some arcs 
added to replace the arcs of w+( V- T, T). We will assign to each added 
edge a label and a type. The label is an element of T and the type is a num- 
ber which measures the transitions we need to transform this edge into a 
path of G containing the label. For each added edge, we will define 
precisely the label and the type. 
Let u E o ~ (T). In order to have d&(u) = 3, we shall add I w  + (u, T)I 
edges with origin u. We consider the following cases: 
(I) N+(u) n T= (x}. 
(1.1) If there exists a vertex UE V- T such that (x, U)E E and 
(u, u) 6 E, we replace (u, x) by the arc (u, v). This arc will be 
said to be of type 1 and label X. Furthermore if x = a and if G 
(I.21 
(1.3) 
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has no triangle we take v E N+(a) - N-(c) (such a vertex 
exists since d-(c) < 2). 
Otherwise N+(u) - Tc N+(x) - T, x = a or x = b and G has 
a triangle (u, x, z), where z E N+(x) - T. If thiere is v2 E V- T 
such that (x, vi), (vi, v2) E E and (u, v2) $ E, we add the arc 
(u, u?) of type 2 and label x. 
Otherwise we have necessarily x = a and we see easily, using 
the hypothesis g(G) 3 4, that there are vertices 
ul, v2, v3~ V-T such that (a, v,), (u, u,), (u, v2), Co,, v,), 
(v,, vg) E E and (u, v3) $ E. We add in this case the arc (u, vX) 
of type 3 and label a. 
(II) IN+(u) n TI 3 2 and c E N+(u). 
In this case we replace o + (u, T) by 10 + (u, T)I arcs of the form (u, v), 
where u EN+(C) - N+(u), we see easily that such edges exist. These edges 
will of of type 1 and label c. 
(III) N+(u) A T= {a, b}. ( u, n, b) is a triangle of G. Hence (a, c) E E, 
by the choice of T. Put N+(b)= (b,, b2, c}, N+(a)= {a,, b, c}. Since 
g34,wehave((a,}u{b,,b,))n(u,a,b)=~. 
(111.1) a, $,{b,, b2}. Since d+(u)= 3 and N+(u) 1 (a, b}, it follows 
that 
l{a,,b,,b,}-N+(u)l32. 
Let {a, a> c (a,, b,, b2} -N+(u). We add in this case two 
edges (u, x), (u, /?) of type 1. The label of (u, a) (resp. (u, fl)) 
is a if cr = a, (resp. p = a,), b otherwise. 
(111.2) a, E {b,, b2}. Using the relations d+(u)= 3 and N+(u)1 
{u,b} we see that {b,,b,}-N+(u)#@, say b2$Nf(u). 
We consider the following two cases. 
(111.2.1) b,$N+(u). In this case we add (u, b,) and (zd, b2). 
These edges are of type 1 and label b. 
(111.2.2) b, EN+(U). As in (III), we have N+(b,)n {u, a, b} 
= Q5. It follows that N+(b,) - { ZL, a, b, c, b2} contains a 
vertex v, in this case we add the two edges (u, b2) and 
(u, v) (observe that b, #v, G* must be without multiple 
edges). These edges are of label b. (u, b2) is of type 1 
and (u, v) is of type 2. 
We define a directed graph R = ((a, 6, c, dj, E) by E = ((a, b), (a, c), 
(a, 4, (6, 4, (b, cl>. 
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By the above construction d&(u) = 3 for every vertex u of V- T. We 
state some remarks. 
Remark 1. Every arc labelled c is of type 1. 
Remark 2. Every arc labelled b is of type 1 or 2. 
Remark 3. If G* contains an arc of type 2 labelled b, then G contains a 
subgraph isomorphic to R. 
If this arc arises by Z, take N+(b) - c = {b,, b2j. We have (u, b), (u, b,), 
(u,b*)EE. The mapping u-+a, b-b, b,-+c, bZ+d induces an 
isomorphism from the subgraph generated by (u, b, b, , b2} (we delete 
some arcs if necessary) onto R. 
If this arc arises by (III), we are necessarily (111.2.2). We verify easily 
that the mapping a + a, b -+ b, c + c, a, -+ d induces an isomorphism from 
a subgraph of Giu,b,c,u, ) onto R (observe that (a, a,), (b, u~)EE). 
Remark 4. If G contains no triangles, then all added arcs are of type 1. 
The following lemma uses the terminology defined above. We let g 
denote g(G). The distance between two vertices x and y will be denoted by 
dist(x, y). Let C be a circuit of G, x and y be two vertices of C. The 
directed path contained in C joining x to y will be denoted by C(x, v). 
LEMMA 2.1. Let C be an elementary circuit of G* of length sg - 2. 
Then G contains a triangle. Furthermore C contains exuctly two arcs not 
belonging to E, of the form (u, v) and (v, w), where (u, O) is of label a and 
(v, w) is of label b and type 2. 
ProoJ Let p be the number of arcs of E* -E contained in C. We prove 
the following. 
(I) p > 2. Suppose on the contrary that p d 1. 
Since each arc not belonging to E can be replaced by two arcs of E, C 
can be transformed into a circuit of G of length 6 g - 1. a contradiction. 
Define an order relation on T by setting a < b < c. 
Let (u,, vi) be an arc labeled x1 and (u,, v2) be an arc labeled xz 
such that x, < x2 and C(v,, U, ) contains only arcs of G. Consider 
~=C(v~,~,)+(~~,x,)+~L(x,,~~)+~‘(x~,~~), where ,u(x,,x,) (resp. 
p/(x*, uz)) is a path in G of length dist(x,, xz) (resp. dist(x,, uz)). Take 
c(v,, u2)= IC(v,, v2)l. We have 
ICI < ICI - 2 - c(u,, u2) + 1 + dist(x,, x2) + dist(x,, vz). 
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But g < 1 C’I and /Cl <g - 2, therefore 
(2) dist(x,, x2) + dist(x,, UJ B 3 + c(u,, uz). 
(3) G contains a triangle. 
Suppose the contrary. Then d&(x,, u2) = 1, by Remark 4. It follows that 
v1= u2 and x1 = a and x2 = c. Hence (vi, c) E E. By the constructon 
u1 E N+(a) - N-(c), a contradiction. 
Let i be the type of the arc (ZQ, uz). 
(4) dist(x,, x2) + i > 3 + c(v,, uz). 
This follows easily from the relation (2), the obvious inequality 
i> dist(xz, u2) and (1). 
(5) p = 2. Suppose the contrary, then c(v,, u2) Z 1. 
Observe that c(u,, u2) contains p-2 edges). Using (4) we have 
46dist(x,, x,)+i<dist(x,, x,)+ 3. It follows that x1 Zx,. By (3), 
dist(x,, x,)= 1. Using the relation xi <x,, we see easily that X~E {b, c}. 
By remarks 1 and 2, we have i< 2. This contradicts the relation 
4 < dist(x,, x2) + i. 
(6) x1 #x2. 
Suppose the contrary. We have necessarily u1 = u? and u1 = u2. The only 
arcs of C not contained in E are (u,, vi) and (ZQ, vz). Since C(u,, ur) con- 
tains no arc of E* - E, we can apply the above reasoning with (ul, vi) and 
(ZQ, v2) interchanged, and deduce that u2= ul. By (3), CE N+(a). Set 
N+(a) = (b, c, d}. 
Since (u,, u2) is of type 3, there exists a path of G (u,, a, d, d’, v2) such 
that (u,, d), (u,, d’) E E. But d’ E N-(u,) = NP (ul). Therefore (d’, ul, d) is a 
3-circuit of G, the above reasoning applied to (u,, vr) shows that 
(ui, d) E E. This is a contradiction. 
(7) By (3) and (6), dist(x,, x,)= 1. Hence x2= b or x2=c and by 
Remarks 1 and 2, i<2. It follows from (4) that i=2 and vi = u?. By 
Remark 1, (u,, v2) is labeled b. Hence (ui , vi) is labeled a. The lemma is 
now proved. 
THEOREM 2.2. Let G = (V, E) be a directed graph sucicl that d+(x) = 3 
for every vertex x of G. Let n be the order of G and g be its girth. Then 
nz3g-2. 
Proox Suppose the contrary and let G be a counterexample of minimal 
cardinality. We have seen before that G satisfies the assumptions required 
to construct G*. We have g(G*) d g - 2; otherwise, by the minimality of n, 
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n - 3 3 3g - 5, and so n 3 3g - 2, as desired. By Lemma 2.1. G contains a 
triangle and G contains an arc of type 2 labeled b. By Remark 3, G contains 
a subgraph isomorphic to R. 
We can now construct G* using the triangle (a, b, c) of R. Let C be a cir- 
cuit of G* of minimum length. By Lemma 2.1, the unique arcs of C not in 
E are of the form (u, v) and (v, w), where (u, v) is of label a and (v, w) is of 
label b and type 2. Since IN+(d) - TI = 2, we see that the type of each arc 
of label a is at most 2. Hence (d, V) is an arc of E. But (v, b) E E. It follows 
that (b, v, d) is a 3-circuit of G, a contradiction. 
The theorem is proved. 
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